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Detecting Mutiple Breaks in
Financial Market Volatility Dynamics*
Elena Andreou† Eric Ghysels‡
Résumé / Abstract
Nous appliquons plusieurs nouveaux tests conçus pour déceler les ruptures structurelles dans la
dynamique de variance et de covariance conditionnelles. Les tests s'appliquent à la fois aux processus de
la classe ARCH et de type SV et tiennent compte des caractéristiques de mémoire longue. Nous les
appliquons également aux estimateurs de volatilité engendrés par les données, en utilisant des données à
haute fréquence et nous suggérons des applications multivariées. En plus de déterminer la présence des
ruptures, les statistiques permettent d’identifier le nombre de ruptures ainsi que l'emplacement de ruptures
multiples. Nous étudions la taille et la puissance des nouveaux tests pour divers modèles réalistes
univariés et multivariés de variance conditionnelle et d’échantillonnage. L’article conclut avec une analyse
empirique à partir de données provenant des marchés d’actions et de taux de change pour lesquels nous
trouvons de multiples ruptures associées aux crises financières asiatiques et russes. Dans les échantillons
sélectionnés avant et après les ruptures, nous trouvons des changements dans la dynamique et dans la
mémoire longue de la volatilité.
We apply several recently proposed tests for structural breaks in conditional variance and
covariance dynamics. The tests apply to both the class of ARCH and SV type processes and allow for long
memory features. We also apply them to data-driven volatility estimators using high-frequency data and
suggest multivariate applications. In addition to testing for the presence of breaks, the statistics allow to
identify the number of breaks and the location of multiple breaks. We study the size and power of the new
tests under various realistic univariate and multivariate conditional variance models and sampling
schemes. The paper concludes with an empirical analysis using data from the stock and FX markets for
which we find multiple breaks associated with the Asian and Russian financial crises. We find changes in
the dynamics and long memory of volatility in the samples prior and post the breaks.
Mots clés : Ruptures structurelles, ARCH, mémoire longue, données à haute fréquence
Keywords : Structural breaks, ARCH, long memory, high-frequency data
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Table 1: Empirical and Asymptotic Quantiles of the Kokoszka and Leipus (2000),
maxUNk/σ̂ HAC, and the Inclán and Tiao (1994), IT,
Statistics for a GARCH Process.
GARCH Model: r0,t = u0,t h0,t , h0,t = ω0 + α0u0,t−12 + β0h0,t−1
ω0 = 0.4,α0 = 0.1,β0 = 0.5 ω0 = 0.2,α0 = 0.1,β0 = 0.7
maxUNk/σ̂ HAC maxUNk/σ̂ HAC
Qp 0.90 0.95 0.99 0.90 0.95 0.99
Xt rt2 |rt | rt2 |rt | rt2 |rt | rt2 |rt | rt2 |rt | rt2 |rt |
N
250 1.2538 1.2738 1.3996 1.4129 1.6518 1.6851 1.3508 1.3544 1.4921 1.5061 1.7586 1.7845
500 1.2675 1.2740 1.3986 1.4101 1.6914 1.6833 1.3653 1.3769 1.5164 1.5294 1.8307 1.8403
750 1.2536 1.2592 1.3921 1.4008 1.6737 1.6684 1.3851 1.3739 1.5341 1.5281 1.8151 1.8357
1000 1.2782 1.2866 1.4203 1.4329 1.7152 1.7199 1.3860 1.3904 1.5449 1.5373 1.8276 1.8510
1250 1.2865 1.2957 1.4309 1.4313 1.7126 1.7359 1.3836 1.3839 1.5366 1.5354 1.8314 1.8279
1500 1.2831 1.2840 1.4169 1.4249 1.6737 1.6888 1.3923 1.3626 1.5493 1.5411 1.8601 1.8558
2000 1.2758 1.2857 1.4268 1.4285 1.7180 1.7028 1.3938 1.3858 1.5476 1.5357 1.8500 1.8578
3000 1.2927 1.2931 1.4370 1.4343 1.7151 1.7325 1.4087 1.4000 1.5713 1.5538 1.8807 1.8680
3500 1.2907 1.2890 1.4258 1.4177 1.6719 1.6809 1.4105 1.4088 1.5706 1.5472 1.8606 1.8588
IT IT
Qp 0.90 0.95 0.99 0.90 0.95 0.99
Xt rt2 ut2 rt2 ut2 rt2 ut2 rt2 ut2 rt2 ut2 rt2 ut2
N
250 1.3894 1.1802 1.5556 1.3169 1.9283 1.6110 1.5222 1.1791 1.7026 1.3151 2.0610 1.5669
500 1.4202 1.1954 1.5831 1.3268 1.8907 1.5791 1.5660 1.2003 1.7618 1.3317 2.0974 1.5947
750 1.4299 1.1938 1.5929 1.3259 1.9296 1.6043 1.5818 1.1952 1.7469 1.3216 2.1250 1.6089
1000 1.4345 1.1988 1.6119 1.3402 1.9410 1.6144 1.5930 1.2089 1.7714 1.3440 2.1682 1.6171
1250 1.4476 1.2088 1.6137 1.3452 1.9280 1.6010 1.5989 1.2080 1.7680 1.3319 2.1335 1.5868
1500 1.4434 1.2054 1.6210 1.3444 1.9662 1.6255 1.5967 1.2035 1.7797 1.3353 2.1426 1.6157
2000 1.4537 1.1997 1.6081 1.3333 1.9292 1.5989 1.6000 1.2031 1.7769 1.3305 2.1482 1.6069
3000 1.4597 1.2104 1.6275 1.3479 1.9733 1.6222 1.6222 1.2157 1.7938 1.3499 2.1717 1.6205
3500 1.4570 1.2078 1.6080 1.3370 1.9279 1.5977 1.6147 1.2072 1.7830 1.3373 2.1577 1.6225
Note: The Kokoszka and Leipus (1998, 2000) statistic is defined as UNk = 1/ N ∑j=1k Xj − k/N N ∑j=1N Xj . The
maxUNk is standardized by the VARHAC estimator σ̂ HAC which is applied to Xt, either squared or absolute returns of the
GARCH model. The standardized statistic converges to the supremum of a Brownian Bridge with asymptotic critical value 1.36.
The Inclán and Tiao statistic IT = N/2 max|Dk | where Dk = ∑j=1k Xj/∑j=1N Xj − k/N is applied to the squared returns as well
as the residuals ut = rt/ht0.5 from the GARCH process also converges to the sup of a Brownian Bridge. The Monte Carlo
standard errors for p = 0.90,0.95,0.99 based on the Normal approximation of the binomial given by 3.92 p1 − p/N are: 0.0118,
0.0085, 0.0037, respectively, estimated from 10,000 replicates of the GARCH model for N observations.
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Table 2: Nominal Size and Power of the Kokoszka and Leipus (2000)
test for a change-point in the volatility and long-range dependence
based on a univariate GARCH process.
N 500 1000 3000
Xt rt2 |rt | rt2 |rt | rt2 |rt |
H0 : Univariate GARCH, r0,t = u0,t h0,t , h0,t = ω0 + α0u0,t−12 + β0h0,t−1
ω0,α0,β0
DGP1: (0.4, 0.1, 0.5) 0.059 0.072 0.061 0.078 0.061 0.067
DGP2: (0.2, 0.1, 0.7) 0.083 0.098 0.097 0.112 0.116 0.116
DGP3: (0.1, 0.1, 0.8) 0.171 0.165 0.187 0.185 0.212 0.205
H1A : Break in the dynamics of volatility, β0 (increase of 0.1) at 0.5N.
DGP1: β0 = 0.5 to β1 = 0.6 0.273 0.280 0.492 0.473 0.945 0.926
DGP2: β0 = 0.7 to β1 = 0.8 0.714 0.714 0.935 0.928 1.000 1.000
DGP3: β0 = 0.8 to β1 = 0.9 0.978 0.978 0.999 0.999 1.000 1.000
H1B : Break in the constant of volatility, ω0 (increase of 0.1) at 0.5N.
DGP1: ω0 = 0.4 to ω1 = 0.5 0.210 0.204 0.353 0.353 0.809 0.787
DGP2: ω0 = 0.2 to ω1 = 0.3 0.470 0.455 0.743 0.723 0.985 0.984
DGP3: ω0 = 0.1 to ω1 = 0.2 0.718 0.702 0.913 0.915 1.000 1.000
H1C : Break in the error, u0 ∼ N0,1 (increase σu1 = 1.1) at 0.5N
DGP1: u1 ∼ N0,1.1 0.287 0.277 0.548 0.520 0.921 0.917
DGP2: u1 ∼ N0,1.1 0.368 0.356 0.624 0.613 0.960 0.948
DGP3: u1 ∼ N0,1.1 0.449 0.437 0.710 0.700 0.982 0.975
H1D : Outliers in the error, u0 ∼ N0,1 (μu1 = 5 every 250 observations).
DGP1: u1 ∼ N5,1 0.019 0.046 0.015 0.039 0.005 0.044
DGP2: u1 ∼ N5,1 0.044 0.082 0.033 0.070 0.020 0.070
DGP3: u1 ∼ N5,1 0.039 0.115 0.046 0.134 0.062 0.145
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Table 2: Continued.
Properties of Kokoszka and Leipus (2000) test for an early change-point
N 500 1000 3000
Xt rt2 |rt | rt2 |rt | rt2 |rt |
H1A : Break in the dynamics of volatility, β0 (increase of 0.1) at 0.3N.
DGP1: β0 = 0.5 to β1 = 0.6 0.190 0.204 0.382 0.390 0.838 0.825
DGP2: β0 = 0.7 to β1 = 0.8 0.566 0.561 0.850 0.837 1.000 0.999
DGP3: β0 = 0.8 to β1 = 0.9 0.934 0.942 0.996 0.999 1.000 1.000
H1B : Break in the constant of volatility, ω0 (increase of 0.1) at 0.3N.
DGP1: ω0 = 0.4 to ω1 = 0.5 0.148 0.153 0.254 0.262 0.674 0.634
DGP2: ω0 = 0.2 to ω1 = 0.3 0.336 0.327 0.568 0.557 0.959 0.951
DGP3: ω0 = 0.1 to ω1 = 0.2 0.552 0.573 0.851 0.844 0.999 0.999
H1C : Break in the error, u0 ∼ N0,1 (increase σu1 = 1.1) at 0.3N
DGP1: u1 ∼ N0,1.1 0.195 0.199 0.329 0.333 0.833 0.804
DGP2: u1 ∼ N0,1.1 0.290 0.304 0.492 0.482 0.885 0.870
DGP3: u1 ∼ N0,1.1 0.376 0.386 0.548 0.548 0.932 0.923
Note: The Kokoszka and Leipus (1998, 2000) statistic is defined as UNk = 1/ N ∑j=1k Xj − k/N N ∑j=1N Xj . The
maxUNk is standardized by the VARHAC estimator σ̂ HAC which is applied to Xt, either squared or absolute returns of the
GARCH model. The normalized statistic converges to the sup of a Brownian Bridge with asymptotic critical value 1.36. The
Normal GARCH (1,1) model is simulated (1,000 replications) where the superscirpts 1 and 0 in the variables and coefficients in the
Table denote the cases with and without change-points, respectively.
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Table 3: Nominal Size and Power of the Inclán and Tiao (1994) test
for a change-point in the volatility and long-range
dependence based on a univariate GARCH process.
N 500 1000 3000
Xt rt2 |rt | ut2 rt2 |rt | ut2 rt2 |rt | ut2
H0 : Univariate GARCH, r0,t = u0,t h0,t , h0,t = ω0 + α0u0,t−12 + β0h0,t−1
ω0,α0,β0
DGP1: (0.4, 0.1, 0.5) 0.133 0.000 0.038 0.131 0.000 0.041 0.165 0.000 0.042
DGP2: (0.2, 0.1, 0.7) 0.191 0.000 0.050 0.229 0.000 0.033 0.217 0.000 0.042
DGP3: (0.1, 0.1, 0.8) 0.286 0.000 0.038 0.337 0.005 0.041 0.353 0.003 0.051
H1A : Break in the dynamics of volatility, β0 (increase of 0.1) at 0.5N
DGP1: β0 = 0.5, β1 = 0.6 0.404 0.001 0.047 0.633 0.023 0.047 0.966 0.294 0.058
DGP2: β0 = 0.7, β1 = 0.8 0.794 0.113 0.047 0.958 0.359 0.049 1.000 0.980 0.042
DGP3: β0 = 0.8, β1 = 0.9 0.989 0.621 0.047 1.000 0.969 0.046 1.000 1.000 0.047
H1B : Break in the constant of volatility, ω0 (increase of 0.1) at 0.5N
DGP1: ω0 = 0.4, ω1 = 0.5 0.276 0.002 0.047 0.519 0.014 0.043 0.883 0.131 0.044
DGP2: ω0 = 0.2, ω1 = 0.3 0.576 0.023 0.037 0.806 0.108 0.036 0.998 0.672 0.053
DGP3: ω0 = 0.1, ω1 = 0.2 0.786 0.121 0.043 0.959 0.385 0.047 1.000 0.981 0.032
H1C : Break in the error, u0 ∼ N0,1 (increase σu1 = 1.1) at 0.5N
DGP1: u1 ∼ N0,1.1 0.610 0.057 0.242 0.806 0.133 0.461 0.993 0.685 0.910
DGP2: u1 ∼ N0,1.1 0.517 0.014 0.258 0.761 0.070 0.460 0.981 0.474 0.899
DGP3: u1 ∼ N0,1.1 0.599 0.046 0.247 0.823 0.128 0.432 0.994 0.668 0.929
H1D : Outliers in the error, u0 ∼ N0,1 (μu1 = 5 every 250 observations).
DGP1: u1 ∼ N5,1 0.357 0.000 0.231 0.271 0.000 0.112 0.219 0.000 0.079
DGP2: u1 ∼ N5,1 0.442 0.001 0.223 0.401 0.003 0.135 0.360 0.000 0.077
DGP3: u1 ∼ N5,1 0.505 0.001 0.257 0.500 0.002 0.136 0.481 0.002 0.079
Note: The Inclan and Tiao (1994) statistic IT = N/2 max|Dk | where Dk = ∑j=1k rj2/∑j=1N rj2 − kN is specified for
independent processes. It also converges to the sup of a Brownian Bridge with asymptotic critical value 1.36.
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Table 4: Nominal Size and Power of the Kokoszka and Leipus (2000)
test for a change-point in the volatility and long-range dependence
based on a bivariate GARCH with constant correlation
(ρ12): Testing the change-point hypothesis in
r11,t when the change-points occur in ρ12 and r22,t.
N 500 1000 3000
Xt r11,t2 |r11,t | r11,t2 |r11,t | r11,t2 |r11,t |
H0 : Bivariate constant correlation GARCH model where (ωii,0,αii,0,βii,0,ρij,0):
DGP1: (0.2, 0.1, 0.7, 0) 0.099 0.087 0.113 0.113 0.128 0.112
DGP2: (0.2, 0.1, 0.7, 0.3) 0.097 0.097 0.098 0.097 0.102 0.095
DGP3: (0.2, 0.1, 0.7, -0.3) 0.094 0.093 0.109 0.106 0.117 0.116
DGP4: (0.2, 0.1, 0.7, 0.5) 0.089 0.100 0.110 0.112 0.124 0.122
H1A : Break in the dynamics of h22,t volatility, β22,0 (increase at 0.5N)
DGP2: β22,0 = 0.7,β22,1 = 0.8 0.113 0.110 0.109 0.113 0.177 0.162
DGP2: β22,0 = 0.7,β22,1 = 0.9 0.182 0.194 0.319 0.309 0.671 0.646
DGP4: β22,0 = 0.7,β22,1 = 0.8 0.098 0.100 0.107 0.111 0.168 0.180
DGP4: β22,0 = 0.7,β22,1 = 0.9 0.578 0.541 0.847 0.823 1.000 0.999
H1B : Break in the constant of h22,t volatility, ω22,0 (increase at 0.5N)
DGP2: ω22,0 = 0.2, ω22,1 = 0.3 0.087 0.082 0.110 0.111 0.134 0.137
DGP2: ω22,0 = 0.2, ω22,1 = 0.4 0.119 0.132 0.141 0.135 0.203 0.185
DGP4: ω22,0 = 0.2, ω22,1 = 0.3 0.112 0.123 0.143 0.141 0.239 0.230
DGP4: ω22,0 = 0.2, ω22,1 = 0.4 0.170 0.180 0.242 0.239 0.526 0.497
H1C : Break in the error, u22,0 ∼ N0,1 (at 0.5N)
DGP2: u22,1 ∼ N0,1.1 0.109 0.103 0.117 0.122 0.137 0.131
DGP2: u22,1 ∼ N0,1.5 0.201 0.207 0.329 0.322 0.729 0.706
DGP4: u22,1 ∼ N0,1.1 0.107 0.112 0.133 0.129 0.206 0.192
DGP4: u22,1 ∼ N0,1.5 0.592 0.577 0.892 0.867 1.000 1.000
H1D : Break in the correlation coefficient, ρ12,0
DGP1: ρ12,0 = 0, ρ12,1 = 0.3 0.108 0.110 0.188 0.177 0.320 0.312
DGP1: ρ12,0 = 0, ρ12,1 = 0.5 0.341 0.333 0.541 0.516 0.921 0.908
DGP2: ρ12,0 = 0.3, ρ12,1 = 0.5 0.192 0.188 0.288 0.290 0.591 0.579
DGP4: ρ12,0 = 0.5, ρ12,1 = 0.3 0.182 0.191 0.282 0.265 0.578 0.559
Note: The simulated bivariate GARCH with constant correlation under the null of no breaks (denoted by the 0 superscript) is
speficied as: r11,t = u1,0,t h11,0,t + u2,0,t h12,0,t and r22,t = u2,0,t h22,0,t + u1,0,t h12,0,t where
h11,0,t = ω11,0 + α11,0u1,0,t−12 + β11,0h11,0,t−1, h22,0,t = ω22,0 + α2,0u2,0,t−12 + β22,0h22,0,t−1 and h12,0,t = ρ12,0 h11,0,th22,0,t . The Kokoszka
and Leipus test is summarized in the note of Table 1.
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Table 5: Nominal Size and Power of the Kokoszka and Leipus (2000)
test for a change-point in the volatility and long-range dependence
based on a bivariate GARCH with constant correlation
(ρ12): Testing the change-point hypothesis in
r11,t × r22,t when the change-points occur in
ρ12 and r22,t.
N 1000
Xt r11,t × r22,t2 |r11,t × r22,t | u11,t × u22,t2 |u11,t × u22,t |
H0 : Bivariate constant correlation GARCH model where (ωii,0,αii,0,βii,0,ρij,0):
DGP1: (0.2, 0.1, 0.7, 0) 0.079 0.099 0.031 0.038
DGP2: (0.2, 0.1, 0.7, 0.3) 0.059 0.094 0.040 0.039
DGP3: (0.4, 0.1, 0.5, 0.5) 0.033 0.061 0.037 0.043
DGP4: (0.2, 0.1, 0.7, 0.5) 0.061 0.090 0.042 0.055
H1A : Break in the dynamics of h22,t volatility, β22,0 (increase at 0.5N)
DGP2: β22,0 = 0.7,β22,1 = 0.8 0.477 0.641 0.069 0.087
DGP2: β22,0 = 0.7,β22,1 = 0.9 0.997 1.000 0.270 0.330
DGP4: β22,0 = 0.7,β22,1 = 0.8 0.999 1.000 0.092 0.132
DGP4: β22,0 = 0.7,β22,1 = 0.9 0.542 0.730 0.539 0.709
DGP3: β22,0 = 0.5,β22,1 = 0.7 0.770 0.914 0.099 0.157
H1B : Break in the constant of h22,t volatility, ω22,0 (increase at 0.5N)
DGP2: ω22,0 = 0.2, ω22,1 = 0.3 0.276 0.425 0.055 0.072
DGP2: ω22,0 = 0.2, ω22,1 = 0.4 0.630 0.825 0.079 0.093
DGP4: ω22,0 = 0.2, ω22,1 = 0.3 0.277 0.417 0.065 0.099
DGP4: ω22,0 = 0.2, ω22,1 = 0.4 0.739 0.895 0.116 0.177
DGP3: ω22,0 = 0.4, ω22,1 = 0.8 0.865 0.965 0.139 0.205
H1C : Break in the error, u22,0 ∼ N0,1 (at 0.5N)
DGP2: u22,1 ∼ N0,1.1 0.181 0.290 0.093 0.146
DGP2: u22,1 ∼ N0,1.5 0.984 1.000 0.992 0.999
DGP4: u22,1 ∼ N0,1.1 0.182 0.275 0.151 0.198
DGP4: u22,1 ∼ N0,1.5 0.974 1.000 0.994 1.000
DGP3: u22,1 ∼ N0,1.5 0.972 1.000 0.980 0.998
H1D : Break in the correlation coefficient, ρ12
DGP1: ρ12,0 = 0, ρ12,1 = 0.3 0.668 0.632 0.752 0.679
DGP1: ρ12,0 = 0, ρ12,1 = 0.5 0.989 0.997 0.996 1.000
DGP2: ρ12,0 = 0.3, ρ12,1 = 0.5 0.610 0.713 0.681 0.780
DGP4: ρ12,0 = 0.5, ρ12,1 = 0.3 0.607 0.710 0.683 0.775
DGP3: ρ12,0 = 0, ρ12,1 = 0.5 0.986 1.000 1.000 1.000
Note: The bivariate GARCH is defined in the note of Table 4. The Kokoszka and Leipus statistic is defined in the note of Table
1 and is applied to the absolute and squared transformations of the cross-product of returns and the residuals defined as
uii,t = rii,t/ hii,t .
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Table 6: Testing for a single change-point in the volatility
and long-range dependence of daily Stock Market Indices (SMI)
over the period 1989-2001
Change-point Statistics
SMI Returns








FTSE |rt | 05/06/97 1.917 5.862* 6.665* 4.414* 0.599

rt
2 04/08/97 2.238 5.266* 3.511* 9.195* 1.249
HSI |rt | 18/08/97 3.460 4.619* 5.828* 4.954* 0.321

rt
2 18/08/97 7.104 2.181* 1.291 8.583* 0.556
NIKKEI |rt | 31/07/97 1.521 3.091* 3.806* 2.905* 0.449

rt
2 21/10/97 1.836 1.972* 1.305 4.427* 0.684
S&P500 |rt | 04/02/97 2.395 6.882* 7.181* 5.837* 0.356

rt
2 26/03/97 2.718 4.888* 1.665* 11.103* 0.678
Notes: (1) The Stock Market Index (SMI) series refer to the Financial Times Stock Exchange index 100 (FTSE100), the
Hang-Seng Index (HSI), the Nikkei 500 (NIKKEI), the Standards and Poors 500 index (S&P500). The daily sample over the period
4/1/1989 to 19/10/2001 yields N = 3338 observations. The series rt := logpt − logpt−1 represents the returns on each index. The
change-point tests are applied to the rt2 and |rt | transformations as well as ut2 where ut is the residual from the GARCH.
(2) The Kokoszka and Leipus (1998, 2000) reported statistic is defined as UNk = 1/ N ∑j=1k Xj − k/N N ∑j=1N Xj . The
maxUNk is standardized by the VARHAC estimator σ̂ HAC which is applied to Xt, either squared or absolute returns and ARMA
estimators σ̂ ARMA of squared and absolute returns. The normalized statistic maxUNk/σ converges to the sup of a Brownian
Bridge.
(3) The Inclán and Tiao (1994) statistic Dk = ∑j=1k rj2/∑j=1N rj2 − kN specified for independent processes normalized as
IT = N/2 max|Dk | also converges to the sup of a Brownian Bridge and is extended in Kim et al. (2000) for GARCH processes to





rj4 to ω, α, β and Erj4.
(4) k refers to the location of the break and the * symbol attached to statistics denotes that the null hypothesis of no structural
change is rejected using the asymptotic critical value of 1.36.
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Table 7: Testing for multiple change-points in the volatility
and long-range dependence of daily Stock Market Indices (SMI)
over the period 1989-2001
Lavielle and Moulines Test
SMI Process Selection Criterion Number & Location of Breaks
FTSE |rt | BIC -2.616(2), -2.610(1) 2 16/11/92, 4/8/97
LWZ -2.599(1), -2.549(0) 1 4/8/97

rt
2 BIC -2.123(1), -2.070(0) 1 13/7/98
LWZ -2.112(1), -2.069(0) 1 13/7/98
HSI |rt | BIC -1.121(3), -1.117(2) 3 3/7/92, 24/1/95, 15/8/97
LWZ -1.108(1), -1.074(0) 1 15/8/97

rt
2 BIC 2.005(1), 2.009(0) 1 15/8/97
LWZ 2.010(0) 0 -
NIKKEI |rt | BIC -1.874(2), -1.867(1) 2 16/9/92, 31/7/97
LWZ -1.857(1), -1.851(0) 1 20/8/98

rt
2 BIC -0.457(2), -0.452(1) 2 16/9/92, 14/10/97
LWZ -0.448(0) 0 -
S&P500 |rt | BIC -2.525(3), -2.513(2) 3 21/8/91, 4/7/96, 22/7/98
LWZ -2.492(2), -2.491(1) 2 21/8/91, 4/2/97

rt
2 BIC -1.602(1), -1.559(0) 1 15/10/97
LWZ -1.591(1), -1.559(0) 1 15/10/97
Notes: For brief data description refer to note 1, Table 6. The number of segments for multiple breaks is set equal to 3 and 5
and similar results are obtained. The selection criteria BIC and LWZ refer to the Bayesian or Schwarz Information Criterion and
modified BIC proposed in Liu et al. (1996). The Lavielle and Moulines statistic is described in the second section of the paper and is
compared with the results from the application of the ICSS algorithm to the Kokoszka and Leipus test for detecting multiple breaks.
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Table 7: Continued. The ICSS type Algorithm for the Kokoszka and Leipus test in detecting
multiple breaks.
ICSS Algorithm for the Kokoszka and Leipus Test




(observations) Observ. Date of Breaks
FTSE |rt | 1-3338 2197 5/6/97 5.861* 5
1-2197 1021 2/12/92 3.508*
2198-3338 2497 30/7/98 1.366*
1021-2197 1631 5/4/95 2.041*
2498-3338 2624 25/1/99 1.650*

rt
2 1-3338 2239 4/8/97 5.265* 5
1-2239 991 21/10/92 2.744*
992-2239 1556 21/12/94 1.734*
992-1556 1279 29/11/93 2.507*
1557-2239 2058 22/11/96 1.666*
HSI |rt | 1-3338 2247 18/8/97 4.619* 6
1-2247 1630 4/4/95 1.815*
2248-3338 2554 19/10/98 2.818*
1-1630 1239 4/10/93 2.416*
1240-1630 1404 23/5/94 2.540*
1405-1630 1534 21/11/94 1.953*

rt
2 1-3338 2249 18/8/97 2.181* 2
2250-3338 2554 22/10/98 2.072*
NIKKEI |rt | 1-3338 2237 31/7/97 3.091* 5
1-2237 966 16/9/92 2.476*
2238-3338 2792 16/9/99 2.161*
1-966 293 16/2/90 3.119*
2238-2792 2365 27/1/98 1.716*

rt
2 1-3338 2295 21/10/97 1.972* 4
1-2295 966 16/9/92 2.470*
2296-3338 2861 22/12/99 1.757*
1-966 295 20/2/90 2.162*
S&P500 |rt | 1-3338 2110 4/2/97 6.841* 4
1-2110 776 30/12/91 4.143*
2111-3338 2495 28/7/98 1.863*
780-2110 1776 25/10/95 2.130*

rt
2 1-3338 2146 26/3/97 4.888* 3
1-2146 779 31/12/91 3.159*
780-2146 1814 18/12/95 2.343*
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Table 8: Testing for a single change-point in the comovements







HSI*FTSE |ri,t × rj,t | 14/08/97 2.7186 4.8168*

ri,t × rj,t2 17/10/97 5.6168 2.3906*
HSI*NIKKEI |ri,t × rj,t | 18/08/97 2.8441 3.6477*

ri,t × rj,t2 28/8/97 9.6730 1.5906*
HSI*S&P500 |ri,t × rj,t | 14/08/97 2.7587 4.2474*

ri,t × rj,t2 17/10/97 7.2665 1.4063*
NIKKEI*FTSE |ri,t × rj,t | 04/08/97 1.3802 3.8403*

ri,t × rj,t2 21/10/97 1.4674 1.4591*
NIKKEI*S&P500 |ri,t × rj,t | 15/10/97 1.4020 4.0103*

ri,t × rj,t2 22/10/97 1.6199 2.0001*
FTSE*S&P500 |ri,t × rj,t | 5/8/97 1.7594 6.0627*

ri,t × rj,t2 14/8/97 1.9434 3.6723*
Notes: The data are briefly described in note 1, Table 6. The tests are applied on the cross-products of the returns between
pairs of stock market returns indices (ri,t × rj,t) and their transformations. Details of the test statistics can be found in note 2, Table
6.
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Table 9: Testing for multiple change-points in the comovements
of daily FX rates vis-a-vis the DM over the period 1989-2001
Lavielle and Moulines
SMI Process Selection Criterion Number & Location of Breaks
HSI*FTSE |ri,t × rj,t | BIC -1.685(2), -1.684(1) 2 13/8/97, 14/7/99
LWZ -2.673(1), -1.635(0) 1 14/7/99

ri,t × rj,t2 BIC 1.343(1), -1.349(0) 1 16/10/97
LWZ 1.349(0) 0
HSI*NIKKEI |ri,t × rj,t | BIC -0.904(1), -0.882(0) 1 14/8/97
LWZ -0.893(1), -0.882(0) 1 14/8/97

ri,t × rj,t2 BIC 3.328(0) 0
LWZ 3.329(0) 0
HSI*S&P500 |ri,t × rj,t | BIC -1.556(2), -1.556(1) 2 13/8/97, 14/7/99
LWZ -1.545(1), -1.512(0) 1 13/8/97

ri,t × rj,t2 BIC 2.787(0) 0
LWZ 2.787(0) 0
NIKKEI*FTSE |ri,t × rj,t | BIC -2.464(2), -2.462(1) 2 6/10/92, 23/9/97
LWZ -2.451(1), -2.436(0) 1 23/9/97

ri,t × rj,t2 BIC -0.071(0) 0
LWZ -0.071(0) 0
NIKKEI*S&P500 |ri,t × rj,t | BIC -2.638(2), -2.635(1) 2 24/8/92, 22/10/97
LWZ -2.624(1), -2.606(0) 1 22/10/97

ri,t × rj,t2 BIC -0.649(1), -0.647(0) 1 22/10/97
LWZ -0.647(0) 0
FTSE*S&P500 |ri,t × rj,t | BIC -2.916(2), -2.915(1) 2 21/8/91, 5/8/97
LWZ -2.904(1), -2.844(0) 1 5/8/97

ri,t × rj,t2 BIC -1.559(1), -1.540(0) 1 22/10/97
LWZ -1.549(1), -1.539(0) 1 22/10/97
Notes: As in notes 1 and 2 in Table 3.
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Table 10: Testing for a single change-point in high-frequency volatility filters
in the YN/US$ in the period 1986-1996
Change-point Statistics
Volatility Kokoszka & Leipus Inclán & Tiao type tests











- 0.2676 1.120 1.273 1.151 0.260
QV1 9/2/93 0.3445 1.925* 3.845* 2.302* -
QV2 9/2/93 0.3443 1.262 7.685* 2.301* -
QV3 9/2/93 0.3442 1.021 11.212* 2.300* -
HQV1 8/2/93 0.3428 1.804* 4.222* 2.291* -
HQV2 8/2/93 0.3429 1.207 8.467* 2.292* -
HQV3 9/2/93 0.3432 0.948 12.435* 2.294* -
Notes: (1) The Yen vis-a-vis the US dollar returns over the period 1/12/1986-30/11/1996 at 5-minute sampling frequency. The
data source is Olsen and Associates. The original sample is 1,052,064 five-minute return observations (2,653 days ⋅ 288 five-minute
intervals per day). The returns for some days were removed from the sample to avoid having regular and predictable market
closures which affect the characterization of the volatility dynamics. The final sample includes 705,024 five-minute returns
reflecting N=2448 trading days.
(2) The one-day Quadratic Variation (QV1) is the sum of the squared returns r
m,t for the intraday frequency m, to produce






, t = 1, ...,ndays, where for the 5-minute sampling frequency the
lag length is m = 288 for financial markets open 24 hours per day. In QV2 and QV3 the window length is k = 2,3 days,
respectively. The rolling estimation method yields the one-day Historical Quadratic Variation (HQV1) defined as the sum of m
rolling QV estimates: HQV1 = 1/m
∑ j=1
m QV1
m,t+1−j/m, t = 1, ...,Tdays, which is also extended to a k window
length, HQVk.
(3) The tests are described in notes (2) and (3) of Table 6.
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Table 11: Estimating volatility dynamics and long range dependence in subsamples of stock market
returns indices.
SMI Process Subsamples k∗ Normal GARCH(1,1) Estimates Long Memory
(observations) Date ω α β d






2 1-3338 0.003[4.409] 0.067[10.46] 0.919[111.8]
1-2484 13/7/98 0.003[3.669] 0.058[6.744] 0.915[64.18]
2485-3338 0.017[2.839] 0.100[4.410] 0.845[22.40]







2 1-3338 0.016[15.80] 0.124[19.29] 0.855[128.6]
1-2248 15/8/97 0.023[18.71] 0.134[17.04] 0.810[97.42]
2249-3338 0.029[4.387] 0.092[7.462] 0.878[63.48]






2 1-3338 0.005[6.979] 0.134[16.33] 0.859[105.4]
1-966 16/9/92 0.002[2.206] 0.229[11.11] 0.801[58.14]
967-2290 14/10/97 0.007[4.959] 0.080[7.805] 0.877[52.79]
2291-3338 0.011[3.125] 0.100[5.752] 0.875[41.36]






2 1-3338 0.0007[4.712] 0.039[12.979] 0.958[294.4]
1-2291 15/10/97 0.0003[3.256] 0.018[7.796] 0.979[409.1]
2292-3338 0.013[3.440] 0.075[5.801] 0.883[42.41]
Notes: The Moulines and Lavielle (2000) multiple breaks detected in Table 7 for the absolute and squared returns processes
are used to create various subsamples of each stock market return index. The estimated Normal GARCH(1,1) coefficients as well
as the long memory parameter (Robinson, 1994) are reported for the total sample (N=1-3338) as the various subsamples
determined by the estimated break points. The values in square brackets refer to t-values. Although not all subsamples have equal
size some are approximately equal which allow for a better comparison of the estimated parameters. The bold parameters
emphasize the change in the size of the volatility estimates in most subsamples (especially the parameters referring to the constant
and ARCH effects of dynamic volatility).
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